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In [24, Theorem 4 and Example 31, Nadler proved that the property of being locally connected 
is a sequential strong Whitney-reversible property and the property of being pathwise connected 
is not a strong Whitney-reversible property. In this paper, we show that the property of being 
(pointed) l-movable is a sequential strong Whitney-reversible property. As a corollary, the property 
of &eing (pointed) movable is a sequential strong Whitney-reversible property for curves. This is 
an affirmative answer to [8, (5.2)]. Also, we show that the property of being (nearly) l-movable 
is a Whitney property 
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1. Introduction 
In this paper, all spaces are assumed to be metric spaces and map means 
continuous function. Let X be a continuum, i.e., a compact connected metric space. 
By a subcontinuum of X we mean a nonempty compact connected subset of X. By 
the hyperspace of X we mean 
C(X) = {A 1 A is a subcontinuum of X} 
with Huusdor-metric d, (e.g., see [22, (0, l)]). In 1932, Whitney [29, p. 2751 showed 
that there exists a map w : C(X) + [0, w(X)] such that 
(1) w({x})=O forxEX, and 
(2) if AC B and A# B, then w(A)<w(B). 
If w : C(X) + [0, w(X)] is a map satisfying conditions (1) and (2) above, w is called 
a Whitney map. It is well known that w-‘(t) is a continuum for each t. A topological 
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Property P is said to be a Whitney property [20] provided that whenever a continuum 
X has Property P, so does w-‘(t) f or each Whitney map w for C(X) and each 
t < w(X). Many authors have studied various kinds of Whitney properties. 
In [23], Nadler introduced the notions of “strong Whitney-reversible property” 
and “sequential strong Whitney-reversible property.” A topological Property P is 
said to be a strong Whitney-reversible property provided that whenever X is a 
continuum such that w-‘(t) has Property P for some Whitney map w for C(X) and 
each 0 < t < w(X), then X has Property P. A topological Property P is said to be 
a sequential strong Whitney-reversible property provided that if X is a continuum 
such that there is a Whitney map w for C(X) and a sequence {t,}~=, of positive 
numbers such that lim t, = 0 and K’(t,,) has Property P for each n, then X has 
Property P. A number of (sequential) strong Whitney-reversible properties have 
been studied (e.g., see [8, 17, 22, 23 and 241). 
In [24, Theorem 4 and Example 31, Nadler proved that the property of being 
locally connected is a sequential strong Whitney-reversible property and the property 
of being pathwise connected is not a strong Whitney-reversible property. 
A compacturn X lying in the Hilbert cube Q = [-1, 11” is said to be movable 
[2, p. 1511 provided that for every neighborhoodu of X in Q, there is a neighborhood 
V of X in U such that for any neighborhood W of X in Q, there is a homotopy 
h : VX I + U satisfying the following conditions: 
h(z, 0) = z, h(z, 1)~ WforeachzE V. (*) 
A compacturn X lying in Q is said to be n-mouable [2, p. 1711 provided that for 
every neighborhood U of X in Q, there is a neighborhood V of X in U such that 
for any neighborhood W of X in Q, any finite polyhedron IKI with dimlK/ S n and 
any map f: IKI + V, there is a homotopy h : IKI x I + U satisfying the following 
conditions: 
h(z, 0) =f(z), h(z, 1) E W for each ZE IKI. (* *) 
Similarly, “pointed movable” and “pointed n-movable” are defined for the pointed 
compacturn (X,x”). It is known that “l-movable” does not imply “pointed l- 
movable” [5], but it is still unknown whether movable continua must be pointed 
movable. Movable and pointed l-movable continua are pointed movable. In shape 
theory, “pointed 1-movability” plays the role of pathwise connectivity. In [S, (1.5)], 
we proved that the property of being pointed l-movable is a Whitney property. 
Also, the property of being (pointed) 2-movable is not a Whitney property [ 12, (l.l)]. 
In this paper, we show that the property of being (pointed) I-movable is a 
sequential strong Whitney-reversible property. As a corollary, the property of being 
(pointed) movable is a sequential strong Whitney-reversible property for curves. 
This is an affirmative answer to [8, (5.2)]. 
Also, we show that the property of being (nearly) l-movable is a Whitney property. 
We refer readers to [ 161 and [22] for hyperspace theory and to [2] for shape theory. 
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2. The property of being (pointed) l-movable is a sequential strong 
Whitney-reversible property 
In this section, we prove the following theorem. 
2.1. Theorem. Let X be a continuum and let w be any Whitney map for C(X). Let 
{t,,}zz, be a decreasing sequence of positive numbers such that lim t, = t. If C’(t,) 
is (pointed) 1 -movable, then w-‘(t) is (pointed) 1 -movable. In particular, the property 
of being (pointed) l-movable is a sequential strong Whitney-reversible property. 
To prove Theorem 2.1, we need the following statement. 
2.2 (L.E. Ward, Jr. [28, (3.4)]). Let X be a subcontinuum of a continuum Y and let 
w be any Whitnqv map for C(X). Then there is a Whitney map &,for C(Y) which is 
an extension of w. 
The following is easily proved. We omit the proof. 
2.3. Let X be a continuum and let w be any Whitney map for C(X). Then for any 
e>O thereisaS>Osuch thatifA,BEC(X),Iw(A)-o(B)I<6andBcU(A,6), 
then d,(A, B) < E, where U(A, 6) = {x E X 1 d(x, A) < 6). 
If X is a Peano continuum, then X has a convex metric d. Let Kd : C(X) x [0, CO] -+ 
C(X) be the homotopy defined by 
K,,(A, t)={xEXId(x,A)St} (see[7,(1.2)]). 
By using this homotopy K,,, we can easily obtain the following fact. 
2.4. Let X be a Peano continuum and let o be any Whitney map for C(X). Then for 
each 0~ s s t s US w(X), 6’([ t, u]) is a strong deformation retract of 6’ ([s, u]). 
Proof of Theorem 2.1. Suppose that {t,,}z-, is a decreasing sequence of positive 
numbers such that lim t,, = t and each 6’( t,,) is pointed l-movable. We may assume 
that X is a subset of the Hilbert cube Q. By 2.2, there is a Whitney map ; for C(Q) 
which is an extension of w. Note that C(Q) is an AR [30, p. 1901. Moreover C(Q) 
is homeomorphic to Q [4]. 
Let U be any compact ANR neighborhood of C’(t) in C(Q). Since U is an 
ANR, there is a positive number F’ such that if Z is a subset of U with diam Z < 5E’, 
then Z is contractible in U (see [ 1, p. 871). Also, choose a positive number F (& < F’) 
such that if J; g : Z + U are any maps with d( f, g) < 2.5, then ,f is &‘-homotopic to 
g in U. Choose a natural number N such that 6’([t, tN-,])C Int U and if A, BE 
C(X), Bc U(A,6) (6=t,_,-t) and 1(3(A)-G(B)]<& then d,(A,B)<e (see 
(2.3)). Let A,, E w-‘(t). We shall show that (w ’ (t), A,,) is pointed l-movable. Choose 
a point A, E Wp’(tN) such that A,c A,. Since (C’(tN), A,) is pointed l-movable, 
there is an ANR neighborhood V, of w ‘( tN) in U satisfying the desired conditions. 
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Then we can choose a neighborhood V’ of X in Q = (3-‘(O) such that V’ is a Peano 
continuum and ;-‘( fN) n C( V’) c Int V, . Set V = &-I([ t - s, tN]) n C( V’), where s 
is a sufficiently small positive number such that V c U. Let W be any neighborhood 
of w-‘( t) in U. Choose a neighborhood W’ of X in Q such that G-‘(t) n C( W’) c W. 
We may assume that W’ is a Peano continuum. Letf: (IKI, *) + ( V, A,) be any map, 
where K is a finite l-dimensional simplicial complex and * is a vertex of K. Since 
V’ is a Peano continuum, there is a retraction r: V+ (3-‘(t,,,) n C( V’) such that 
Zcr(Z) for each ZE V (see 2.4). Consider the map r.f:lKl+G-‘(t,)n 
C(V’)c VI. Since A,nr.f(*)xA,, there is a path cz:Z+&-‘(t,)nC(V’) such 
that cz(O)=r.f(*), a(l)=A, and diama(Z)<2e (see [24] and 2.3). By the 
homotopy extension theorem, we have a map cp : (I K 1, *) + ( V, , A,) such that cp is 
2s-homotopic to Y .f: Since d(J; r * f) < e, there is a 3a’-homotopy h, : I K I x I + Cl 
such that h,llKlx{O}=fand h’l(KIx{l}=cp. 
Thenwehaveahomotopyh,:(IKI,*)~Z~(U,A,)suchthath,llKI~{O}=cpand 
h,(lKlx{l])c;~‘([Z,- s”, fN + s”]) n C( W’), where s” is a sufficiently small posi- 
tive number such that t < fN - s” and tN + s” S tN-, . Since W’ is a Peano continuum, 
there is a positive number 6’ (6’~ 6) such that if (I, b E W’ and d(a, b) < 6’, there 
isapath~:Z~W’fromatobsuchthatdiam~(Z)<6.Setg=h,~~K~x{l}.Choose 
a subdivision K’ of K such that if (v, w) is a l-simplex of K’, then diam g((v, w)) < 6’. 
For each vertex z) of K’, choose a point g’(v) of G-‘(t) n C( W’) such that 
g’(v) c g( 0). For each l-simplex (u, w) of K’, there is a path (Y : Z + W’ from a point 
of g(u) to a point of g(w) such that diam cy( I) < 6. Consider the subcontinuum 
g(v) u a(Z) u g(w) of W’ and choose a sufficiently small neighborhood M 
of g(v) u a( I) u g(w) in W’ such that M is a Peano continuum and diam [G-‘(t) n 
C(M)] < F (see 2.3). Since W-‘(t) n C(M) is a Peano continuum, there is a path 
g’: (v, w)+ c3- ‘(t)nC(M) from g’(v) to g’(w). Hence, we have a map g’:IKI+ 
G-‘(t) n C( W’) such that d(g, g’) < 2~. We may assume that g’(*) = A,. Hence we 
have an &‘-homotopy h, : I K I x Z + U such that h, : g = g’. By using the homotopies 
h, , h, and h,, we obtain a homotopy H : I K I x Z + U such that H :f= g’. Note that 
diam H({*} x I) <4&I, hence the loop HI{*} x (Z, Z) is contractible in U. By the 
homotopy extension theorem, we may assume that H({*} x I) = A,. Also, H(IK] x 
(1)) c G-‘(t) n C( W’) c W. This implies that (w-‘(t), A,,) is pointed l-movable. 
Similarly, the case of “l-movable” can be proved. This completes the proof. q 
2.5. Corollary. Theproperty of being (pointed) movable is a sequential strong Whitney- 
reversible property for curves (= 1 -dimensional continua). 
3. The property of being (nearly) l-movable is a Whitney property 
In [ 8, (1.5)], we proved that the property of being pointed 1 -movable is a Whitney 
property. To prove this result, we used the notion of “joinability”, which is equivalent 
to that of pointed l-movability and which was introduced by Krasinkiewicz and 
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Mint [19]. It is known that pointed I-movability is different from l-movability [5]. 
In this section, we prove that the property of being (nearly) l-movable is a Whitney 
property. By using the same method as in this paper, we can directly prove that the 
property of being pointed l-movable is a Whitney property, without using the notion 
of joinability. 
A compacturn X lying in Q is said to be nearly l-movable [21] provided that for 
every neighborhood U of X in Q, there is a neighborhood V of X in U such that 
for any loop f: dD + V and for any neighborhood W of X in U, there is a finite 
collection of disjoint discs D, in D - iID and an extension 1: D-U Int D, + U of 
f such that f(U dD,) = W, where D is a disc. It is known that the nearly l-movable 
continua coincide with the LC’-divisors (see [6]). 
3.1. Theorem. Tke property of being (nearly) 1 -movable is a Whitney property. 
Proof. Let X be a continuum lying in Q and let w be any Whitney map for C(X). 
Suppose that X is nearly l-movable. Let t E (0, w(X)). By 2.2, there is a Whitney 
map (3 for C(Q) which is an extension of w. Let U be any compact ANR 
neighborhood of w-‘(t) in C(Q). Choose a neighborhood U’ of X in Q = G’(0) 
such that C( U’) n G’(t) c Int U and U’ is a Peano continuum. Since X is nearly 
l-movable, there is a neighborhood V’ of X in Q satisfying the desired conditions. 
We may assume that V’ is a Peano continuum. 
Since U is an ANR, there is an F > 0 such that if g,, g,: Z + U are maps with 
d(g,, gJ < 2&, then g, = g, in U. By 2.3, we can choose 6 > 0 such that if A, B E C(X), 
13(A)-3(B)l<S and Bc U(A,6), then d,,(A, B)<s. Set V=&‘([t-s, t+s])n 
C( V’), where s is a sufficiently small positive number such that V c U and s < 6. 
Let f: i) D + V be any loop and let W be any neighborhood of w-‘(t) in U. Since 
C’([t, t+s])n C(V’) . 1s a strong deformation retract of V, we may assume that 
f(dD) c W-‘([ t, t+s]) n C( V’) (see 2.4). Choose a neighborhood W’ of X in Q 
such that G’(t) n C( W’) c W. We may assume that W’ is a Peano continuum. 
Since V’ is a Peano continuum, there is a 6’> 0 such that if a, b E V’ and d( a, b) < 6’, 
then there is a path cv:Z+V' such that a(O)=a,cu(l)=b and diamu(l)<& 
Choose a finite sequence a,,, a,, . , a,,, a,,+, = a, of points of dD such that 
diam f([a,, a,+,11 < s’, where [a,, a,+,] denotes the smaller arc from a, to ai+, in 
dD. For each i=O,1,2 ,..., n, choose a path a, : I + V’ from a point of f(a,) to a 
point off(a,+,) such that diam a,( I) < 6, and choose a Peano continuum M, in V’ 
such that f(a,)u a(l) uf(a,+,) = M, and U(f(a,), 6) 3 M,, where U(f(a,), 6) 
denotes the &neighborhood about the set f(a,). Also, for each i = 0, 1,2,. . , n, 
choose a point g(a,) off(a,) and a path g,: [a,, a,+,]+ M, from g(a,) to g(a,+,). By 
using g,, we have a loop g:dD+ V’ such that g([a,, a,+,]) c M,. Since X is nearly 
l-movable, there is an extension g: D-U Int D, + U’ of g such that g(dD,) c W’, 
where D, is a disk in D -dD such that D, n Dk = B (j f k). Take a segment 
p,:f+G’([O,t])nC(f(a,)) (i=O,1,2 ,..., ) n such that p,(O) = g(a,) and pi( 1) E 
Gm-‘(t)n C(f‘(a,)) (see [16, (2.3)]). 
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Since w-‘(t) n C(M,) is a strong deformation retract of &‘([O, t]) n C(M,) (see 
2.4), there is a map h, : [ai, a,,,] x I+ F’([O, t]) n C(M,) such that hi([ai, a;+,] x 
IO] = gl La,, ai+Il, hi([ai, at+Il ’ Ill) c (3-‘(t) n C(Mi)~ hi I ia;) x z = PI and 
hi 1 {ai+,} x I = pi+, . By using hi, we obtain a homotopy H, : dD x I + (3-‘([O, t]) n 
C(V’)suchthatH,/[U,,~~+,]xI=h,.Thenwehaved(H,~~D~{l},f)<2~,hence 
H, 1 r?D x (1) -f in U. Since C’(t) n C( W’) is a strong deformation retract of 
G’([O, t]) n C( W’), there is a homotopy H,: (U “4) x I + &‘([O, t]) n C( W’) 
such that H2((LJi)D,)x{O}=~)(lJi)Dj) and H2((U~D,)~{l})cc3P’(t)n 
C( W’) c W. Since G’(t) n C( U’) is a strong deformation retract of G’([O, t]) n 
C( U’), we have an extension f: D-U Int 0, + U off such that f(U i)D,) c W. 
This implies that w-‘(t) is nearly l-movable. Similarly, the case of “l-movable” is 
proved. (See also Fig. 1.) 0 
Fig. I 
3.2. Theorem. Let X he a continuum and let w he any Whitney mup,for C(X). Suppose 
that {t,,}z_, is a decreasing sequence qfpositive numbers such that lim t, = t. If w-‘( t,) 
is nearly 1 -movable for each n, then 6’ (t) is nearly 1 -movable. In particular, the 
property of being nearly 1 -movable is a sequential strong Whitney-reversible property. 
Proof. See the proof of Theorem 2.1. q 
3.3. Remark. In the proofs of Theorems 2.1 and 3.1, the fact that each continuum 
is AC’ (approximately O-connected) is essential. (see [2, p. 1451 for the definition 
of AC”). In general, if X is a continuum with dim X 2 2, for any F > 0 there is a 
subcontinuum A of X such that A is not AC’ and diam A < F. Hence we cannot 
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generalize the proofs of Theorems 2.1 and 3.1 to the case of n-movability (n ~2). 
In fact, it is known that Theorem 3.1 for the case of 2-movability is not true (see 
[12, (1.1)1). 
3.4. Remark. It is known that the properties of being an FAR, acyclic, AC”, having 
dim< n or Fd G n, etc., are sequential strong Whitney-reversible properties (see [S], 
[ 171 and [23]). Also, the properties of being an FANR or being calm are not strong 
Whitney-reversible properties (see [S]). 
The following problem remains open. 
3.5. Problem. Is the property of being (pointed) movable a (sequential) strong 
Whitney-reversible property? Let X be Borsuk’s nonmovable Peano continuum [3]. 
Is there a Whitney map w for C(X) such that w-‘(t) is movable (or 2-movable) 
for each t > O? 
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